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1. Introduction

In this paper we continue our study of conformal field theories with extended symmetry
which was started in the papers [, f]] where sl(n) Toda field theory was considered. This
theory is given by the Lagrangian density

n—1
1
L= (Oap)® + ) e, (1.1)
k=1

here ¢ is the two-dimensional (n — 1) component scalar field ¢ = (¢1...¢pn—1), b is the
dimensionless coupling constant, u is the scale parameter called the cosmological constant
and (eg, ) denotes the scalar product, where vectors ey are the simple roots of the Lie
algebra sl(n). Quantum field theory defined by the Lagrangian ([L1]) is known to be con-
formally invariant theory with additional symmetry (W-symmetry) generated by higher
spin currents. Namely, there are (n — 1) holomorphic currents W¥(z) which form closed
W, algebra,! which contains as subalgebra the Virasoro algebra with the central charge

c=n—1+12Q*=(n— 1)1 +nn+1)b+b"1)?). (1.2)

L There are different possible choices of the basis of holomorphic currents. In the paper @] this basis was
defined from the Miura transformation, the advantage of this basis is that all commutation relations are
bilinear. In some cases it is more convenient to have currents defined in such a way that they are primary
with respect to stress-energy tensor. However this basis is not unique and some freedom in definition of
higher currents is still remains. This freedom has to be fixed by additional requirements [H]



Basic objects of conformal Toda field theory are the exponential fields parameterized by a
(n — 1) component vector parameter «

V, = el@#), (1.3)

which are the spinless primary fields. Important property of conformal Toda field theory is
that two fields V,, and Vg4 5a—q), where § is the element of Weyl group of the Lie algebra
s[(3) represent the same quantum field:

Vorsa) = Re(a)Va, (1.4)
where R;(«) is the reflection amplitude, which was found in [f]
Ri(a) = A(@)/A(Q + 5(a - Q)),
Ala) = (rury () T[T — bla — Q)T (b a — Q,0)).

e>0

(1.5)

In eq. ([.§) the product goes over all positive roots. Other fields in the theory appear in
the operator product of primary fields ([.J) with holomorphic currents W¥(z) and called
descendant fields. Most important problem in conformal Toda field theory is to constract
the whole set of multipoint correlation functions (of primary fields as well as of descendant
fields). In order to solve this problem using the ideas of the operator algebra one has to
find its structure constants of operator product expansion. In CFT with only Virasoro
symmetry the properties of the operator algebra are significantly simplified and structure
constants containing descendant fields can be obtained from the structure constants con-
taining only primary fields [fl]. From this fact it follows immediately that in order to solve
the theory completely one has to find structure constants for primary fields only or what
is the same to find three-point correlation functions of primary fields. This statement
in general is no longer true for the theories with additional symmetries (sl(n) Toda field
theory with n > 2 for example), however it is still important problem to find three-point
correlation functions of primary fields in these theories. Three-point function has universal
coordinate behavior
Clay,az,a
(Vo (21, 21) Vg (22, 22) Vg (23, 23)) = |Z12|2(A1+A2—A3)|Z13|(2(1Al+2Ag—3A)2)|z23|2(A2+A3—A1)'

(1.6)

Non-trivial component of ([[.f) is constant C(«a1, as, as) which supposed to be very compli-

cated function of parameters oy It was shown in refs [l f] that function C'(o1, a2, a3) has
clear analytical structure and can be expressed in terms of Y-function which was defined
in [ by the integral representation

2 1.2 (b4b L

og [fbast \2, sib? (M= -w)d

log Y(z) = — —z ] e’ — — , (1.7)
o t 2 sinh Z sinh o

if one of the parameters oy, takes the special values (so called semi-degenerate fields). For
example, if (up to Weyl transformation)

o3 = swp_1 (or s = sw), (1.8)



where wy,_1 is the last fundamental weight of sl(n) and s is some numerical constant, then
function C(aq, o, 7#wy_1) is given by the simple expression

(2Q-3 a.p)

b2—2b2 b

C(alv a2, %wn—l) = WMV(bz) X

(T®)" " T(4) TL T ((Q — 01,)) T((Q — a2,0))
x 20 . (19)
1;[T<ﬁ + (a1 — Q,hy) + (a2 — Q, hj))

The product in the numerator runs over all positive roots and in the denominator over
the weights hy of the first fundamental representation 71 of the Lie algebra sl(n) with the
highest weight wq (first fundamental weight)

hiy =wi—e1— -+ —€r_1- (1.10)

The same is true for ag = swq, in this case expression for three-point correlation function
is given by ([LY) but with hy — —hg. More general structure constants have rather
complicated analytical structure and are not known at the moment in general form. In
the paper [fl] we also considered three-point correlation function ([[.§) in semiclassical limit
b — 0 with "light” parameters

o = bng, (1.11)

and in minisuperspace approximation with
a1 = Q +ibPy, as =@+ 1P, and a3 = bs. (1.12)

In both cases we showed that three-point correlation function can be expressed in terms
of finite-dimensional Barnes-like integral. It was shown that if one of the fields is semi-
degenerate then in both cases these integrals can be performed. In this paper we de-
scribe more general structure constants which can be written in terms of finite dimensional
Coulomb-like integrals. For simplicity we consider sl(3) case. We find structure constant
with arbitrary a7 and as and with as = »ws — mbw; corresponding to semi-degenerate
field where m is non-negative integer number? and show that this three-point correlation
function can be written in terms of Coulomb integral of dimension 4m.

Another interesting object is four-point correlation function with one completely de-
generate field (the simplest completely degenerate field is V_y,,, )

<V—bw1 (Z, Z)Val (Zl’ Zl)Vaz (Zg, ZQ)VQS (z37 Z3)>' (1'13)

Contrary to the s[(2) case this function does not satisfy Fuchsian differential equation of
the order n [@, §] and it seems that it cannot be a solution of Fuchsian differential equation
of any finite order. This obstruction is a principal difference between Liouville and Toda

2The representation of the W-algebra corresponding to the semi-degenerate field with parameters o =
»w2 — mbwy contains only one null-vector at the level m + 1 contrary to the completely degenerate field
(see below) which contains at least two independent null-vectors in the corresponding representation.



field theories. The point is that W-conformal block is not fixed completely by W-invariance
contrary to Liouville case. In the paper [[l] we considered Toda field theory in semiclassical
limit b — 0 with "heavy” parameters

ap = 2, (1.14)
b

In this case semiclassical limit of four-point correlation function ([[.1J) satisfies differential
equation of the order n but this equation contains accessory parameters which have to be
determined from the condition that four-point correlation function is single-valued. This
condition gives transcendent equations for these parameters. Numerical analysis which was
done for s[(3) case in the collaboration with Enrico Onofri and will be published elsewhere
shows that solution to these equations is unique only in special domain of parameters
n1, n2 and n3 (see ref [I). In this paper we show that in s[(3) case if one of the fields
is semi-degenerate (for example ag = »wy — mbwi) then quantum four-point correlation
function can be expressed in terms of (4m + 4)-dimensional Coulomb integral. For m =0
this integral is a solution of differential equation of the third order which is related with
higher hypergeometric equation and can be expressed in terms of hypergeometric function
sF ()2 (-

The plan of the paper is as follows. In section [J we define basic notations concerning
51(3) Toda field theory. In section f] we consider three-point correlation function and derive
integral representation in the case when one of the fields is semi-degenerate (see eq. (B.11))).
We also prove identities for structure constants with degenerate fields announced in [I]].
In section [] we consider four-point correlation function with one degenerate field and one
semi-degenerate field and also derive integral representation for this function (eq. (f.13)).
In section f| we make concluding remarks and in the appendices we collect useful integral
identities used in this paper.

2. sl(3) Toda field theory

In this section and further in this paper we will consider s[(3) Toda field theory. This
theory on a surface with metric g, is described by the action

Lo ( 790) ® b(ek,p) ~ g2
_ » L)1y 3 etlen , 2.1
St / ol (Oap, Opp) + o +,uk:12e \/gdx (2.1)

here R is the scalar curvature of the background metric, ¢ is two-component quantum field
© = (p1,p2). Vectors e; and ey are the simple roots with the matrix of scalar products

Ki; = (e, ¢ej):
] ] Ky=| 2} 2.2
a={ 5 ) (22

Theory defined by the action (R.1]) can be viewed as a generalization of Liouville field
theory widely considered in the literature due to its connection with strings in non-critical
dimension [fJ]. Liouville field theory which is non-rational conformal field theory is governed



by the Virasoro algebra. s[(3) Toda field theory is governed by more involved symmetry
algebra. Namely, the chiral part of the symmetry algebra of the theory contains two
currents of the spin two and three

W) =T(z) = 3 Zf@ and  W3(z) =W(s) = 3 ;:/Tg (2.3)

The Laurent componets L; and W, form closed Zamolodchikov’s W3 algebra with the
commutation relations [T, [1]

[Lns Lin) = (0= m) L + 75 (0 = 1) (2.4a)
[Ln, Win] = (2n — m)Wyim, (2.4b)
_ 1) m? - 16—
(Wi, Wi| = T A (n* —1)(n" — Hhndp,—m + 52 T Be (n—m)Apim+
1 1
+ (n—m) (1—5(n+m—|—2)(n +m+3)— 6(n+ 2)(m + 2)> Lyim,
(2.4c)
here
— 1

A, = k_z_: Lyl +5$nLn’ (2.5)
T = (1 + l)(l — l) Tl+1 = (2 + l)(l — l) (26)

W3 algebra defined by commutation relations (B.4) contains as subalgebra Virasoro algebra
with central charge

1 2
c:2+24<b+5> : (2.7)

Primary fields of the theory Vi, = e(®%) are the highest weight fields of W-algebra
LoV, = Ala)Vy, WoVe = w(a)Vy, L, Vo=W,Vy=0 for n>0, (2.8)
where 5
A(a) — ( Q —2047 Oé)

is the conformal dimension and

w(@) =iy 55 (0= Quhi)a — Q) — @) (2.90)

is the quantum number associated to the W(z) current. Other generators of the algebra
L_, and W_,, with n > 0 create new fields which called descendant fields. The quantum
numbers (R.94) and (R.9H) possess the symmetry under the action of the Weyl group W
of the Lie algebra s[(3) [J]. This group is generated by the elements o1 and o2 which are

reflections in the hyperplanes orthogonal to the simple roots e; and eq

Oé—(OZ—Q,el)61, (210)
[0

— (@ — Q, e2)eq.

0'1(@) =

o2(a) =



Quantum field theory defined by action (2.1) despite its wide symmetry algebra is still
very complicated, but some information about correlation functions can be obtained from
the "zero-mode integration method” developed in ref [IJ]. To proceed we consider the
geometry of a sphere and fix metric g, = 4, everywhere except the north pole z = oo
where the curvature will be collected. Correlation functions of exponential fields V,, are
defined as follows

(Voy (21) -+ Vi, (z0))7 = / [Dy] e Srlelelore(z1) - glom(zn)) (2.11)
where action is written in a fixed metric
1 1
Srlel = [ (@ +ur?) e+ LRQ.) ) e (212)

We define the components 1 and o of the field ¢ in the basis of fundamental weights wy
and woy of the Lie algebra sl(3)
Y = P1w1 + Paws (2.13)

and change variables for the future convenience

pr=9¢V3—®, =20 (2.14)

Our goal is to make integration in correlation function (R.11) over zero-mode ¢g of the
field ¢

¢ = o+ ¢. (2.15)
As a result of integration we obtain
T'(—s
(Va1 (Zl) s Vom (Zn)>T = % X (2.16)

/e_SL [‘b]e—So[a’] (/ ebﬁ&—b@) ’ 6(061,62)‘1>(Z1)+(061,W1)\/3¢~>(21). B e(an,eg)@(zn)-i-(an,W1)\/§(£(Zn),

where
5= (2Q_Zbo"“’w1). (2.17)
In eq. (2.16)
Sp[®] = / (ﬁ(@acp)? + pe®?® 4 ﬁ(b + b—l)q>R> d¢ (2.18)

is Liouville action with central charge
cr =14 6Q7 (2.19)

where Qr, = b+ b~! and

Solé) = / (ﬁ(aa@? + §<b+b—1>$R> d*¢ (2:20)

is free action with central charge cprer = 14 18Q%. Equality (B.16) has no clear meaning if
parameter s is general, but for integer values of s it relates residue of correlation function in



Toda field theory with multiple integral containing special correlation function in Liouville
field theory

Res| (Vi (21) .. Ve, (zn))r = (—mp)™ [ lzi — 25| 3ol en) (2.21)
s=m i<j
" /H = 23] 730050 T [t~ 5%
i, i<j
X <V_% (tl) ... V_% (tm)v(alé%) (Zl) ce V(an2,52) (Zn)>Ld,um(t),
where
I & oo
dpm (t) = —— gd t;. (2.22)

Deriving equation (R.21]) we calculated the part of correlation function coming from the
free theory with the action (R.2(]) using standart Wick rules

—

¢(x)ply) = —loglz —yl. (2.23)
The non-trivial part of correlation function in the r.h.s. of (R-21)) labeled as (...) is
calculated in the theory with Liouville action (B.1).3

Integral relation (.21) will be widely used in the following calculations for the case of

three-point function. In this case in the r.h.s. of (2.2])) we have Liouville correlation function
with three arbitrary and m-degenerate fields. Such correlation function was studied in
ref L] where the explicit integral representation for this correlation function was derived:

<V b (tl) cee V_% (tm)v(a12,€2) (O)V(azéez) (1)V(a32»€2) (OO)>L =

2

B (a1, €2) (az,e2) (3,€2)\ 1T 10 blon.en) b(az,e2) —b?
_Qm< ey kl_Il|tk| ve2) | — 1| 221:[|ti—tj| X
— i<j

m
_AR2
x/H|sk|2A|sk—1|2BK,$(81,...,sm|t1,...,tm)H|si—sj| % A (s)  (2.24)
k=1

1<j

(g + az —ag,e2) + (m—2)b) — 1, B=—((a1 +ag —ag,ez) + (m —2)b) — 1,

| o

((a1 + a2 + az,e2) + (m —4)b) — 1,
(2.25)
and normalization factor (A1, A2, Ag) is given by

p7 (@A=mb/2)
Un(Ar, Ao, As) = (=)™ [y (42)0* 2| x

) T/ (—mb) [Ti—; T(2\e) . (2.26)

T - Q- )L, T (A — 20 + )

3Here we use a little bit missleading notations for the Liouville exponential fields. Namely, we define
exponential field as Vi (z) = e2*®(2) with conformal dimension A = a(Qr — a) with Q. given by (R.19).



where A = S\ Function KA (s1,...,8m|t1,...,tm) was defined in the paper [[J] (see
also definition of this function in the appendix [B]). Finally we obtain that

Res| (Viay (0)Viay (1) Viag (00)) 7 =

(2Q—a,w1)=mb
_ m (1,e2) (ag,e2) (az,e2)\~ (4B
= (—mu) Qm< 5 T g T g Jm<A,B,A>, (2.27)

were function J,, ( ;14, ]33, A) defined by the integral (B.J), parameters A, B and A are
given by eq. (2.2) and parameters A’ and B’ are given by

A/ = —b(al, 61), B/ = —b(ag, 61). (2.28)

Before proceed let us say few words about the structure of poles of correlation functions
in TFT. Namely, performing integration over zero-mode of the field ¢ one gets that any
multipoint correlation function of primary fields (V,,(z1)... Vo, (2n)) exhibits a simple
pole in variable o = a1 + - - - + an for the values

(0 —2Q,w1) =—mb or (a—2Q,wz)= —nb. (2.29)

Non-negative integer numbers m and n are called ”the numbers of screening charges”. If
both conditions are satisfied the residue in the double pole* can be expressed in terms of
free-field correlation functions

Res(a—2Q,w1):—mbReS(a—2Q,w2):—nb(Voq (Zl) cee VaN (zN)>T =

_ %(vm (1) Ve (=) Q7 QD). (2.30)

In eq. (£.30) we have introduced notations for the so called screening charges

Qp = /eb(ek’%ok)dzg, k=1,2. (2.31)

In principle, due to symmetry of the theory under the change b — % correlation function

(Vo (21) ... Vo (2n)) has poles in more general points
(@ —2Q,wi) = —mb — kb1, (@ —2Q,wy) = —nb—1b~ 1. (2.32)

where non-negative integer numbers k and [ represent the numbers of dual screening charges

Oy = / eV Cner) g2e | =1,2. (2.33)

This symmetry is a deep property of the theory originating from the fact that central
charge (R.7) as well as quantum numbers of primary field (2.94)) and (R.9H) posses it. In

“When both screening conditions () are satisfied the correlation function has a poles in variables
(@ —2Q,w1) and (o — 2Q, w2).



fact the theory is symmetric under the change b — % and cosmological constant p being

replaced with
- 1 9

This symmetry can be verified in all cases when the exact answer is known. Poles (£.33)
are not predicted from the classical Lagrangian description of the theory. Residue in the

1 (2.34)

poles with k& and [ being both non-negative integers can be expressed in terms of more
general Coulomb integrals which are more involved and usually defined by the contour
integrals (see [[[4, [[g]). Below to simplify the equations we will consider only the poles of

the type (£:29).

3. Three-point correlation function

Now let us consider first non-trivial case — three-point correlation function ([[.§)
(Var (0)Vay (1)Vag ()1 = Clan, ag, a3). (3.1)

This function has simple poles when one of the conditions (R.32) is satisfied. It is natu-
ral to suppose, that these poles are the only simple poles of this function modulo Weyl
transformation. For the future convenience we define a new function

(X ai—2Q,p)
b

e, a2,03) = |y (420> | x (3.2)

C(Oél, ag, a3)

Moo T(Q — a1, ) T(@ — 02.0) T((Q —a,€))

We note that function
Y(a) = [w,tw(bz b2~ 2° ] H T(Q— ae) (3.3)
e>0

satisfies reflection relations ()
Y(Q+ 5(a—Q)) = Rs(a)Y (), (3-4)

where R;(a) is given by ([.J) for sl(3).

Function €(a1,ag,as) is symmetric and Weyl invariant function of variables aq, oo
and a3 which does not depend on cosmological constant w. It satisfies non-trivial functional
relations (see appendix [ for proof)

C(ar, ag, a3) = €(aq, da, az), (3.5a)
where
ay = a1 — gjkhs, ag = az — Sijkhy, az = az — Sjrhg (3.5b)
with
Sijk = (1 — Q, hy) + (a2 — Q, hy) + (a3 — Q, hy), (3.5¢)



where h; are the weights of the first fundamental representation of Lie algebra s[(3). These
relations allow us to simplify three-point correlation function in many cases. In particular,
starting from the function

C(aq, ag, 22wy — mbwy + ewr), (3.6)

where ¢ is some infinitesimal number and applying transformation (B5) withi =1, j =1
and k = 2 we obtain that

Q:(Oél,OéQ,%LUQ — mbwq —|—6w1) = Q:(dl,dg,dg), (37)

where

a1 =oq — ((Oél —Q,h1) + (a2 — Q,h1) + Wn_b_d) hq,

3
Qg = ag — <(a1 —Q,h1)+(a2—Q,h1)+W> hy, (3.8)
a3 = »wy — mbwy + ewy — <(a1 —Q,h)+ (e — Q,h1) + (%—Hg_b—a)) hs.
One can easily check that in the limit ¢ — 0
(a1 + ag + a3z — 2Q,wy) = —mb, (3.9)

so we meet the situation which is described by eq. (B-21), i.e. function €(ay, dg, ds) with
given by (B.§) has a pole with residue expressed in terms of integral with Liouville correla-
tion function containing m degenerate fields. From the other side function €(ay, ag, 2wy —
mbw; + ew) due to the factor YT=1((Q — a3, e1)) also has a pole at ¢ — 0

(o] +ag+rxwag—mbwi —2Q,p)

C(aq, ag, xwy — mbwy + ewy) = [ﬂ,wy(b2)b2_2b2] ’ X (3.10)

><1 1 C(aq, ag, 2wy —mbw:)
= T (=mb) X (G Y (m+2)p+26 7 = 20) [T ¥ (Q=01,¢) T((Q—02,0))

+0(1).

Applying now eqs (R.21))-(R.24) we obtain that correlation function with semi-degenerate
field has a finite limit and can be expressed as

C(aq, g, 32wy — mbwy) = Ep (0, asl>) T, (1‘44, g, A) , (3.11)
where integral J,, ( f, BB, A) is given by the eq. (B.J) with

A=y, B=oy, A'=05, B =0y A=1+05, (3.12)
here parameters g;; are given by

%+ mb

o =10 +b < + (a1 — Q, hi) + (a2 — Q,hj)> : (3.13)

— 10 —



and numerical factor =,,(aq, as|») by

(2Q—aq —ag—xwog—mbwy,p)
b

Em (a1, al3) = (m)™™ w622 | x
L X Em Y69 [ T((@Q — 01,0)) T((Q — an,0))
Ty T (252 + (a1 = @, hi) + (a2 — @, hy) — mbdy;)

(3.14)

Equation (B.11) is one of the main results of this paper. Using integral identities proved in
the appendix [Blit can be shown that function J,, ( 2, 5, A) can be reduced to the Coulomb

integral of dimension 4m.”

One of the important sets of fields in TFT is formed by completely degenerate fields [5].
Completely degenerate fields V,, in TFT are parameterized by two highest weights €1 and
25 of the finite dimensional representations of the Lie algebra s[(3) and correspond to the

value of the parameter o (up to Weyl transformation)
1
o = —le - EQQ (315)

These fields form closed operator algebra and posses an important property that in their
operator product expansion with general primary field V,, appear only a finite number of
primary fields V, with their descendant fields

V_bﬂl_b71Q2Va = Zcfzg1—bflﬂg,a |:Va,sp:| ) (316)

87p

here by square brackets we denote the contribution of the descendant fields and introduce

/
the parameter oy, as

oy = o — bh{t — b h2. (3.17)

In Eq. (B.17) h% are the weights of the representation Q and Cf;’él_b,mz’a denotes the
structure constant of the operator algebra. For simplicity we consider the case Q22 = 0.
Then we define structure constants for the field V_,q, with € = mbw;+nbwy with arbitrary
field V,

Chl () = O bhmn (3.18)

—mbwi —nbwa,a”

where
hEL = mwy + nws — key — le, (3.19)

and numbers (k,1) lay inside a domain
k>0; [ >0; m+n>k m-+n>lI; n+k>10 m+1>k. (3.20)

This structure constant is given by the Coulomb integral

Chia() = () [ T (Zpfocsy

i) dpur (t) dpu(s), (3.21)

SFor m = 1 this integral was explicitly calculated in [ﬂ]

— 11 —



here and later we will use the following notation for the integrand

k 1
T (40 a|t) = T 1P s = 122 DR ) T Isy 4215 — P27 () T s — 5172,
i=1 j=1 ij
(3.22)
h =0 d
where g = , dpy(t) defined by eq. (£.23) and
k
De(t) = [] It —t;I* (3.23)

i<j=1

Using relation (B.5) one can show that function

o [y (82)622| h
Eim, (@) = b T (o) Y26 T+ (m -+ 2)5)
1
oo T(@Q — @, )Y (o — bhEL, — Q. €))

Chl(a) (3.24)

satisfies relations

(o) = 355

n, m

m, m+l—k I,k
(a) = Ek,m—:_n—k(a_ (m—k)bhy) = 2m+l—k,n+k—l(a_ (I—k)bhs). (3.25)

Using these relations one can always put index N in (B.24) instead of index m, where
N is the minimum of numbers m, n, k, I, (m +n — k), (m+n —1), (m+ 1 — k) and
(n+k—1). As follows from the results of this section this structure constant can be always
represented as an integral of dimension 4N. We note that multiplicity of the weight hEl
equals to N+ 1. It means that the number of integration in correlation function depends on
multiplicities. Relations (B.2H) was discovered in [[l] in the light semiclassical level, where

they were rather non-trivial.

4. Four-point correlation function

In this section we consider four-point correlation function with one degenerate field. The
importance of this object manifested itself already in the Liouville field theory where it was
very effective tool for the solution of the associativity condition of the operator algebra.
Namely, four-point correlation function with one degenerate field

§(2,7) = (V_s (2, 7)Vay (0)Va, (1)Vas (00)) (4.1)

2

satisfies Fuchsian differential equations of the second order with three singular points in
both variables x and T

(2 +...)&(x,2) =0,
(2 +...)&(=,7) = 0.

Solutions of (:3) are in general multi-valued function on a plane with three marked points

(4.2)

0, 1 and oo and one should find appropriate bilinear combination of solutions &;(z) and &;(Z)

{(x,7) = ZMijfz‘(fE)f_j(f)a (4.3)
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which is single-valued function. This condition fixes constants M;; up to normalization
and in fact gives simple functional equation on the three-point correlation function (see for
example ref [If]). An expression for correlation function ([.1)) is given due to eqs (2.24)
and (B.2) by the two-dimensional Coulomb integral.

A naive idea to generalize these arguments fails because corresponding correlation
function in s((3) Toda theory

(Vopion (2, 2)Va, (0)Vay (1) Vg (00)) 1 (4.4)

does no longer satisfy Fuchsian differential equation of the third order [, ] and there
is not known integral representation for this function in general case. Here we consider
four-point function (@) with one semi-degenerate field V,,, i.e. with a3z = sws — mbw;
and show that this function finally can be represented by the 4m + 4 dimensional integral.
The case m = 0 was considered in the first part of this paper [[f] and it was shown that

correlation function
<V—bw1 ($7j)Va1 (O)Vaz(l)vﬂwz (OO)>T (4'5)

can be represented by 4 dimensional integral which is a solution of differential equation of
the third order and can be expressed in terms of hypergeometric function gFs(x).

For convenience we define function Wy, aya4 (2, Z) which is related with four-point cor-
relation function with one completely degenerate field as

Wasosea @) = [ (B22] 52
% (Vobw, () Vi, (0) Vaay (1) Ve (00)) 7 . (4.6)
[Teso T((@Q = a1,)) T((Q — 02,€)) T((Q — a3,¢))

This function is again symmetric, Weyl invariant and p independent function of variables

a1, ag and a3. Using integral relations proved in appendix one can show that function
W, aqas () satisfies integral relation reminding relations (B.5)

Vaoyasas (T,T) = /\I’d1d2d3(y,g)®ijk($|y) d2y’ (4.72)
where
1
Gijk(zly) = ———+
v(bsijr — %)
2 _ ; 2 - ]
242 +2b(ay Q,hl)’x — 22 +2b(c2—Q,h;) - ’_2—2bcz—jk+¥ (4.7b)
|y[2+2024206(81-Quhi) [y — 1| 2H20°+26(G2=Qohj) Y 7 .
with

- b . b - b
a; =a;— <§ijk + §> hi, Qi = ap— <§ijk + §> hj, a3z = az— <§ijk + g) hy (4.7¢c)

with ¢;jx, given by (B-5d). These relations give us again very useful tool to simplify four-point
function in many cases. In particular, we can consider correlation function

\Ijal,oaz,%wg—mbwl—i-awl (337 j) = / \Pdldzdg (ya g)®112 ($|y) d2y (48)

— 13 -



with

) =oq — ((041 —Q,h) + (2 — Q, h1) +

(x+(Mm+1)b—¢)
3 >h17

(%—1—(m—|—1)b—6)> hy,

0722042—((a1—Q,h1)+(a2—Qah1)+ 3

a3 = »we — mbwy + ewy — <(a1 —Q,h1) + (a2 — Q,h1) + (%—l-(m—l—l)b—e)) .

In the limit ¢ — 0 we obtain
(—bw1 + a1 + as + a3 —2@,&)1) = —(m—l—l)b, (4.10)

so we meet exactly the situation which is described by eq. (R-21)), i.e correlation function has
a pole with residue given in terms of integral with Liouville correlation function. Namely,
function ¥4 4,4, (y,¥) which enters in the r.h.s. of (f§) exhibits a pole when & — 0
with residue®

Wetritneis () = [y (02)62~ 2] e % (4.11)
e=0 arozasidy He>0 T((Q - dl, e))T((Q - dg, 6))T((Q - dg, 6)) '

m+1
(_ﬂ_u)m—i-l ’y‘2b(a1,w1) ’y _ 1‘2b(a2,w1)/ H ’ti’_gb(al’wl)‘ti _ 1‘—3b(o¢1,w1)’ti _ y‘%z
i=1

Res

< [Tt — ;17 (Vop (1) Vg (bm1)Viayea) (Vs e (Vs e (00)) 1 dptme1 (£)-
1<j
From the other side function W, oy a0, —mbw (¢, Z) also has a simple pole due to the func-
tion Y=1((Q — as,e1)) in its definition. Using integral representation for Liouville cor-
relation function (2.24) we obtain for four-point correlation function in TFT with one
semi-degenerate field the following expression

Y(1+6)y((m + 1)g)
Y(0 + (m +1)g)

% ’x‘2b(a1,w1) |z — 1’2b(a2,w1) /’y _ x\_2_2‘56m+1 (2&/5 A!y) d2y, (4.12)

(V_pr (7, %)V (0) Vi, (1)Viaon —mbeon (00)) 1 = Emy1(, agls)

where function &, 41 (f, BB, A‘x) is given by eq. (B-J), the factor =, 11 (a1, ag|) is defined
by eq. (B.14) and
A= Qgéﬂ, B= ggg"l, Al =gt B =t A =14 ot (4.13)
here parameters Q?;-H are given by eq. (B.13) and
b(>+ (m +1)b)
3 .

Applying relation (B.§) one can perform integration over variable y and reduce four-point
correlation function (f.19) to 4(m + 1) dimensional integral.

§=blg — Q,w1) +blag — Q,wy) +

(4.14)

5Field depending on the point y does not appear in Liouville correlation function due to condition
(w17 62) = 0.
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5. Concluding remarks

As was mentioned in the section f] three-point function C(a1,az, a3) considered as a func-
tion of @ = a1 + a9 + a3 has poles in the points

(0 —2Q,w1) = —mb—m'b7 L, (@ —2Q,wy) = —nb —n'b~ L, (5.1)

where m, n, m’ and n/ are some non-negative integers. Due to Weyl symmetry it follows
from (p.1)) that three-point function has also poles in the points

QL + Siji, = —mb—m'b™ !, QL —sijk = —nb—n'b1, (5.2)
where ;. is given by eq. (B.5d) and @, by (B.19). We define function
3(r) =G(QL - 7)G(Qr + ), (5.3)
where we introduce a self-dual entire function G(z) which contains only zeroes at the points
x=-nb—m/b, m,n=0,1,2,... and enjoys the following shift relations
b1/2—bx
G(z+b) = I'(bz)G(z),
(@)= = = Tba)G(a) -
pr/b=1/2 ’
G(z+1/b) = [(z/b)G(x).

Ver

Evidently that function [[,;, 37 !(sij1) contains information about all poles (5.3). So, it is
natural to consider the function

3(&1,042,043) = C(al,ag,ag)HS(ij) (5.5)
ijk

which is entire function.” In Liouville field theory the similar product of three-point cor-
relation function with eight G functions corresponding to Weyl transformed screening
condition gives us the self-dual entire function which up to standard factor depending on
wis equal to T(2a1)Y (2a2) YT (2c3) where oy, are the parameters of the Liouville fields. In
Toda theory function §(a1, a9, a3) is very complicated entire function. The consideration
of this function in the ”light” semiclassical region and in the minisuperspace approximation
(see ref [ll]) gives us the reasons to think that Weyl invariant function €(ay, g, a3) defined
by eq. (B-J) has a simple poles only in the cases when up to Weyl transformation one of
screening conditions (p.) is satisfied or if one of the exponential fields is semidegenerate.
The remarkable property (B.F) of the function €(ay, a2, as3) relates the residues in the poles
appearing from the screening condition with those coming from semidegenerate field. This
property permits us to derive explicit integral representation for the three-point correla-
tion function with one semidegenerate field. To go further in calculation of three-point
function in TFT we need more information about analytical structure of entire function
(a1, ag, a3). We suppose to return to the analysis of this function beyond semiclassical
and minisuperspace approximations in near future.

"This statement has been checked in the case as = sws — mbwi, where this function is given by the
integral representation.

— 15—



Acknowledgments

This work was supported, in part, by RBRF-CNRS grant PICS-09-02-91064. Work of A. L.
was supported by DOE grant DE-FG02-96ER40949, by RBRF grant 07-02-00799-a, by
Russian Ministry of Science and Technology under the Scientific Schools grant 2044.2003.2
and by RAS program ”Elementary particles and the fundamental nuclear physics”. Work
of A. L. was supported by DOE grant DE-FG02-96ER40949. An important part of this
paper has been made during the visits of A. L. at the Laboratoire de Physique Théorique
et Astroparticules Université Montpellier II within ENS-LANDAU program. V. F. is very
grateful to E. Onofri for the numerical tests of the statements conjectured in the first part
of this paper [[J].

A. Proof of the relations (B.5) and ([.7)

Both relations will be proved by using the same method. Namely, we assume for both
correlation functions that screening condition is satisfied, i.e.

Z ag + mbey + nbeg = 2Q). (A.1)
k

In this case correlation function has a double pole with residue given by the s[(3) Coulomb
integral of dimension 2m + 2n. Using different identities we transform this integral to
another sl(3) integral and consider new one again as a residue of some correlation function.
After that we assume that proved identity holds not only for the residues but also for the
entire correlation functions.® Of course, this is not a rigorous proof from the mathematical
point of view and all statements proved in this manner have to be checked by another
methods. All possible checks that we were able to make support the statements that are
done in this appendix.

Proof of the relations (B.f]). Basic Coulomb integral for the three-point correlation

function (B.1) due to (2:30) is

Jmn(Ar, Ao, By, Ba|g) = /Imn (4 5

) it (O)dan(s), (4.2)

where Ay = —b(a1,e;), Bp= —b(ag,ex), g=—b*and

m m
1
Du(t)= [] lt:—t;> and  dun(t) = ] 11 @t (A.3)
i<j=1 T k=1
and integrand is given by
m n
Ay, B _ A B A B —
Ton (4 Fo[0) = TL 102401 = 1122020 (1) T Iy 42135 — 1252 D20(5) T] [t — 5,72,
i=1 j=1 ij

(A.4)

8Genrally this identity contains also some multiples of gamma functions, but hopfully these multiples
always can be represented as a fraction of T-functions.
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(A.5)

Figure 1: This picture represents integral property (@) In the Lh.s. we have a stack which
consists of m variables ¢ and stack of n variables s with Coulomb interaction between them asso-
ciated with Cartan matrix of the Lie algebra s[(3). In the r.h.s. we have three stacks of variables:
m — k variables ¢, n variables s and k variables w with Coulomb interaction associated with the Lie
algebra s[(4).

For the future purposes we prove basic property of this integral (”cross legs property”):
[T (B
k
> /H |wj|—4—2A12—2(k—2)g|wj o 1|—4—2B12—2(k—2)g H |Si o lUj|_2gDI§g(ZU)'
i=1 ij

Ttom <A1+kg, Bi+kg

2) i () dpin (s) = Ag(A;, Bj) X

Az, Ba

1) At (1) dpin () dag(w),  (A.5)
where Ao = A1 + Ay, Bis = B1 + By and

My By — ]| 200 =)9) (A6)
R (G D) '

Y14+ A1+ 5g)y(L+ Br+79)v(2 + Az + (7 — 1)g)v(2+Bia+(j—1)g)
Y(2+A1+Bi+(m—n—147)g9)v(3+ A2+ B2+ (n — 2 + j)g)

This property allows to move” part of the variables ¢ in the integral through variables s
(see figure [l). To prove this property we will use integral relation which was proposed in

the paper [[[7]

n n+m+1

JEX LT T =t ) -
m n+m+1

=022 [Du@ L IT =77 din o)
(1+n+z Dj) i Pl it
(A7)

The idea how to use this relation is rather simple and was explored widely in the paper [[[J.
Namely, we start with the integral ([A.4) and represent for example DX (t) as

m—1 m

D(t) = D (1) 1129) / W) T1TL i - 672 2 dima (). (A8)

m
7™ (g) P gite]
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For simplicity in this appendix we will neglect further all numerical factors having in
mind that all equations are valid up to these factors, which will be reconstructed in final
expression. After applying relation ([A.§) integral over variables ¢ is ready to be done again

using relation ([A.7)

/ Hrt 2y 128 H PRI 2+29Hrt kD (1) dpi () =

m—1
H ‘y ‘2(A1+g 1’2 Bi+g) DQQ 1 H ‘S ’2+2A1 2g ‘S ’2+231—2g D}L_2g(8)><
=1

X /H Il 7 H vy — il 7% H lvj — sk 7T2IDn (v) dpn (v).
j=1 i=1 k=1

(A.9)

We see that due to the factor Dp~%(s) in (A.9) which combines with the factor D2(s)
in (A4) we can perform now integration over variables s using again relation (JA.7)

n n
/H |5 [PH2A2720) g5 — 12H2B =20 T 55 — 0| 72429, (5) dpin (s) = DRI~ (v) x
=1 i=1

n n
« H ’Vj’2+2A12‘Vj_1’2+2312 / ’w’—4—2A12+2g ’w_1’—4—2B12+2g H ’w_yi’—2g d,ul(w).
j=1 i=1
(A.10)

Collecting all factors together finally we prove relation ([A.H) for the case k = 1. Repeating
similar steps we can prove ([A.§) for & = 2 and so on. For us will be important identity ([A.5)

with & = m. If we suppose that this identity also holds ”away” from the screening contition
it gives functional relation for function €(ay,as, as) defined by eq. (B.2)

(o, o, a3) = E(a, aa, (3), (A.11)

where

Qp = az + (a — 3ak,w1)w2 (A.12)

with parameter of defined by relation (aj,er) = (ou,es3—r). Now if one applies Weyl
reflection o109 to each aj one gets

o102(0k) = o — 11101, (A.13)

where 111 is given by (B.5d). Other relation for arbitrary i, j and k can be obtained from
this one by Weyl reflections.

— 18 —



Here we also give without a proof another ”cross legs property” of the integral ([A.2)
which also gives very useful tool for studying properties of correlation functions in TFT

A1, B1
/van (AQ, B

k
« /H ‘wj’—4—2A12—2(m—2)g‘wj _ 1’—4—2312—2(k—2)g H ‘Si _ wj‘—ngDig(w)_
J=1 ij

i) d//’m(t)dlun(s) = Ak(Aj, Bj)x

Ay, Bi+k
'Im—k,n< Wl g

ﬁ) Appy—p(t) A (8) dpg (w),  (A.14)

where Ak(Al,Ag,Bl,Bg) dof Ax(Ay + (m — k)g, A2, B1,B2). We note that for k = m
transformation coincide with (A§). We see also that ([A.14) is not symmetric with respect
of exchange of points 0 and 1. Of course there is another relation similar to (A.14) but
with substitution 0 — 1.

Proof of the relations ([l.7). Basic integral for the four-point correlation function with
one degenerate field
<V—bw1 (‘/Ev j)voq (O)Vaz (1)Va3 (OO)>

is

) dpim ()l (5) (A.15)

m

) —2g Ay, By

/H [ty — ™ Zonn (Az, Bo
=1

One can prove ”cross legs” property for this integral:
m

) —29 Ay, By

/H Ity — 27 Lo, <A27 B,
Jj=1

m—1
« / H ‘wj‘—4—2A12—2(m—3)g‘wj _ 1’—4—2B12—2(m—3)g H ’32' _ wj‘—2gD3r§]_1(w)_
Jj=1 ]

-2 A1+(m—1)g, Bi+(m—1
— mgzl,n( Hon—D)g Bit(m-1)g

i) dpim (t)dpin () = Am—-1(A;, Bj) X

i) dpr (t) dpin(s) dppm—1(w),  (A.16)

We see that in the case of four-point correlation function one can "move” only (m — 1)
variables ¢ but not arbitrary number as it was in the case of three-point function. This
identity can be proved using the same technique but the proof is a little bit more involved.
To make the calculations more transparent we consider the case m = 2. The general case
follows the same steps but calculations are more involved. So, we consider integral

2
J L1t =0T (42 5] dia(trdin(s) (A17)
j=1
As usual we start by representing
D3() = Datt) [ T I~ 612 dpr(6) (A18)

i=1,2
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and after that we perform integration over variables ¢ with a result

2
/H 14524 [ — 11281 |t — | ~29]¢; — €] 7229 x (A.19)
j=1

x [T 1t — sil7>9Da(t) dpa(t) =
=1

n
Drlz_2g(8) H |S|2+2A1_2g|8i o 1|2+2B1—2g|8i _ x|2—4g >
i=1

X|$|2+2A1—2g|$ o 1|2+2B1—2g|£|2A1+2g|£ _ 1|2B1+2g

n+1

/H \773‘!_2_2Al ’?7]"_2_231 ’TIj - x’—2+2g ‘nj o 5‘—25] %
j=1

n
< [ I = sil " Dng1 (n) dpts1 ().
i=1

We see that again factor DL (s) in (A.19) permits us to perform integration over vari-
ables s:

n n+1
/H |5 P22 720 |55 — 12220 |5y — 2709 T |y — mil 7729 Dn(s) dpan(s) = (A.20)
7j=1 i=1

n+1
Ara— - A - 2g—1
= [ CF2AT00 | — 1| O42F12m00 TT |y 2H2bieyyy, — 1 24280 |y — 2720 D9 ()
j=1
3 n+1
% /H |wi|—4—2A12+2g|wi _ 1|—4—2B12+2g |wi B :L,|—4+4g H |wi _ nj|_2gD3(w) d,ug(w).
1=1

j=1

At this point we have integrated over all variables ¢ and s of the original integral (A.17).
So we proved that integral (A.17) equals to

|x|8+4A1+2A2—89 |:L' o 1|8+4B1+232—89 /Il,n—i-l (AH—Q7 Bi+g ‘ f])

Az, Bo
3
[Tl 7224042 g — 1742020 — ] =440
j=1
n+1
x Tt = sl 2D (w)dp (&) dpon () ()
i=1

The second step is again to integrate over all new variables £, n and w. First we integrate
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over variables &

n+1

AR R el | (R (A21)
=1
n+1
1-2
— H ’T]j‘2+2A1 ’T]] _ 1‘2+2B1 Dn+1g(n) %
j=1

n+1 n+1
X / H L e e et H vi = 1j| > Dy 1 (V) dpina (v),
i=1 j=1

and after that we perform integration over variables 7

n+1 n+1
/ TT 1512242y — 12+282 T [y — ] =229 x (A.22)
j=1 i=1

3
x [T 1n5 = wil D1 (n) dpgnia (n) =
k=1

n+1
_ H |%‘|2+2A12+2‘q v — 1|2+2B12+2g 'Dfﬂi_—ll(y) >
i=1
3
> H ‘wk’4+2A12—2g ’wk _ 1’4+2812—2g D§—2g(w)
k=1

4
></H|Tj|_4_2A12 |7 — 1742
j=1

n+1 3

< [T 15— wil 7 T 175 — wil >29Da(7) dpa (7).
i=1 k=1

At this moment we meet first obstruction with the integral over variables w which is not
of the type we met before

3 4
J(z,7i|g) = /H lwj — x| 449 H lwj — Ti|_2+29D§_2g(w)du3(w), (A.23)
j=1 k=1

one can show that this integral equals to one dimensional integral”

Jaimlg) = LU =30" 7ryaves [ Tl 1o - 7l -*d (p). (A20)
x,7i|g) = ——H—— Ti— X —x -7 . (A.
g 7(39)(1 _ 29)2 = J p i P J H1\p

9This integral identity reflects the fact that correlation function of degenerate fields in Liouville CFT
can be represented by integrals with different number of screening charges. In eqs () and () the
coupling constant is given by b = g — 1.
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Now we can perform integral over variables 7:

4
/H |Tj|—4—2A12|7_j _ 1|—4—2312 |Tj _ x|—4+69 X (A.25)
j=1

n+1
< [T |75 = vl ™ |rj = p| >T29Du(7) dppa(7) =
-1

|—6—2A12+6g |$ o 1|—6—2Blz+69 X

= |:1j
n+1
> H ’Vi’—2—2A12—2g ‘Vz' _ 1‘—2—2B12—2g ‘Vz' - x‘—2+4g >
=1
XDy ()| 1A |p TR | | R

n
[ TL 240 g = 12285 3, = af2 50
j=1

n+1
< TT 1A = vl 2729 1N = ol 7 Dn (V) dpn (M),

i=1

It follows from eqs (A.22), ([A.23) and ([A-24) that factor D,,+1(v) appears in the first power
and we can perform integral over variables v:

n+1 n
/ LT 172724729y — 172725029y — a2 H 9 [y = Al ™D () g (M) =
e i=1

n
— |:L,|—2—2A1+2g |:L' _ 1|—2—2Bl+2g H |)\j|—2—2A1 |)\] _ 1|—2—231 |>‘J _ :L'|_2+69'D2Lg_1()\) %

J=1

X / CPAT29) ¢ — 1B 29| — 279 T 1 — M 7%dpa (Q). (A.26)

J=1

Collecting now all missing factors we obtain ([A.16) for m = 2. In a similar way using iden-

tities like ([A.24) we can prove ([A.14) for arbitrary m. Relation ([A.16) being analytically
continued to the non-integer number of screenings gives functional equation for function

Vo, anas (7, Z) defined by eq. ([L6)

B. Properties of the kernel

In this appendix we define function K2 (t|y) which enters in the integral representation
for the Liouville correlation function (R.24). This function was defined in ref [[J]. Tt is
symmetric function of variables t; and y; which does not change under the permutation
tr < yr. The last two properties are not evident from the explicit form of the function
K2 (tly), but they can be proved. This function is given by the m(m — 1)-dimensional
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Coulomb integral and can be derived from the recurrent equation'®

m

v(mg _ _

K5t tmlyt, - ym) = Vgn(g)) Dy() T fte — vl 722 x (B.1)
k=1

m—1 m
x /Dm—l(T) IT 17 = P2 T Iy — 7272 x
j=1 k=1
<K (r, Ty, - Ym) ditin— (7).
The simplest example of the kernel is the case m = 1:
Ki(tly) = [t —y| 7?2, (B.2)

We consider basic integral which appears in eq. (B.11]) and has a form
HETINE
m
= / LT e en = 122 1k |5 = 122 K (t5) D () Dd (5)dpin (£) dpin (5). - (B.3)
k=1
The simplest case m =1
71 (;3, 5 A) = / 24 — 1128|524 |s — 1125|t — s| 22 d%t d2s. (B.4)

This integral can be calculated exactly and expressed in terms of hypergeometric func-
tion 3F5(1)."' Another important integral with function K2 (t1,...,tm|y1,...,Ym) which

appears in eq. ([.1J) has a form
S, (AA, 5, ‘A,x) =
m
/ LT el Mte = 122 kP fsi = 177 [t — 2| 729 K3 (t]5) DR () Dpd (5) g (t) dpin ().
k=1
(B.5)

Using factorization property (B.3) from ref [LJ] and using relation ([A.16) we can prove
that it satisfies an important recurrent identity

e57n—|—1 <:2/ g/ A‘$> = @m < 2/ g/ A) X
« / |t|2(A+mg)|t _ 1|2(B+m9) |y|2(A’+m9)|y _ 1|2(B’+m9) It — y|—2(A+mg) It — $|—2(m+1)g.

-GS ( ﬁ;l gl A‘y) d’td*y (B.6)

1076 make sense of this formula we set K5 = 1.
"This integral is particular case corresponding to n = 3 of more general Coulomb integral associated
with Lie algebra s[(n) calculated in [EI]

— 923 —



where ~ ~
A=-1—-A—(m—1)g, B=-1-B—-(m-—1)g,

A=-1-A—(m=-1)g,  B'=-1-B—(m-1)y, (B.7)
A=-1-A—(m—1)yg

and

on(454) -
m—1

H YA+ A+ gL+ B+jghy(L+ A+ jghy(1 + A"+ jgh(1 — A —jg)
i Y2+ A+B-A+jgv2+A+B —A+(1-7j)g)
Y2+ A+ A - A+jgy2+B+ B —A+jg) (B.8)

YB3+A+B+A+B —A+(j+1)g)

We note, that we can apply relation (B.6) to function &, ( 3/ g/ A‘y) again and finally
reduce integral (B.§) to 4m-dimensional integral. It is easy to see that due to eq. (B.6)
the dependence of the integral (B.J) on variable z is simple and it permits us to perform
integration in ({.12).

Integral (B.J) can be obtained from the integral (B.J) by considering the limit
at x — o0

r—00

lim [2[>™&,, (A, 5 A‘ ) = <jf,;§, A). (B.9)

Taking the limit (B.9) in both sides of (B.6) we obtain
~ A B A B
Jm—l—l(A/B/A) :®m<A,B,A>X
« /‘t‘2(A+mg),t _ 1‘2(B+mg) ,y‘2(A’+mg)‘y _ 1,2(B’+mg) It — y,—2(A+mg).
S, ( 'z A( ) d*td*y. (B.10)

Now we can apply recurrent relation (B.§) to the r.h.s. of (B.10) and finally we reduce

integral J,, <1‘2, BB, A) defined by eq. (B.3) to 4m-dimensional integral.
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